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The critical impact speed for the splash of a drop
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Making use of experimental and theoretical considerations, in this Letter we deduce a criterion to
determine the critical velocity for which a drop impacting a smooth dry surface, either spreads over
the substrate or disintegrates into smaller droplets. The derived equation, which expresses the splash
threshold velocity as a function of the material properties of the two fluids involved, the drop radius
and the mean free path of the molecules composing the surrounding gaseous atmosphere, has been
thoroughly validated experimentally at normal atmospheric conditions using eight different liquids,
with viscosities ranging from µ = 3 × 10−4 to µ = 10−2 Pa·s and interfacial tension coefficients
varying between σ = 17 and σ = 72 mN·m−1. Our predictions are also in fair agreement with the
measured critical speed of drops impacting in different gases at reduced pressures given by Xu et
al[1].
The collision of a drop against a solid surface is ubiqui-
tous in Nature and is present in a myriad of technological
and scientific fields comprising ink-jet printing, combus-
tion or surface coating [1–3]. Given the physical prop-
erties of both the liquid and the gas, the atmospheric
pressure [1], the size of the drop and the physicochemical
properties of the substrate [4], experience reveals that
there exists a critical impact velocity below which the
liquid simply spreads over the surface and above which
the original liquid volume fragments into tiny droplets
violently ejected outwards, creating what is known as a
splash (see Fig. 1). In spite of the number of advances
on the subject [1, 5–14], a precise description of the crit-
ical conditions leading to drop splashing, is still lacking
[15, 16]. Indeed, the well known equation deduced twenty
years ago by Mundo et al [5, 11, 17], as well as many em-
pirical correlations [14], provide expressions for the criti-
cal velocity which depend only on the material properties
of the liquid, and do not take into account that splash-
ing is largely affected by the gaseous atmosphere [1]. In
this Letter, we provide a theoretical framework which is
consistent with our own experimental data and also with
all previous findings.
To elucidate the precise conditions under which a drop
hitting a solid surface splashes or not, we perform exper-
iments with millimetric drops of radii R formed quasi-
statically at normal atmospheric conditions. Eight differ-
ent liquids are slowly injected through hypodermic nee-
dles of different diameters. Drops generated in this way
are spherical and fall under the action of gravity onto a
dry glass slide, with a composition such that the liquids,
whose physical properties are listed in Table 1 of the sup-
plementary material section, partially wet the substrate
with a static contact angle ∼ 20o. The impact speed V is
varied by fixing the vertical distance between the exit of
the needles and the impactor. To simultaneously record
the impact process from the side with two different opti-
cal magnifications and acquisition rates, two high speed
cameras focusing the impact region are placed perpen-
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FIG. 1. (a)–(h): Sequence of events after the impact of an
ethanol droplet of radius R =1.04 mm for two different impact
velocities, V=1.29m s−1 (1(a)–(d), left) and V=2.28m s−1
(1(e)–(h), right). The drop simply spreads over the substrate
for the smaller value of V but breaks into tiny drops, violently
ejected outwards, for the larger impact velocity. Note from
images 1(f)–(g) that the lamella dewets the substrate before
creating the splash depicted in Fig. 1(h). The sequence of
events represented in Figs. 1(i)–(j), for which V=2.01m s−1,
illustrates the existence of an intermediate range of impact
velocities for which the lamella firstly dewets the solid to con-
tact it again as a consequence of the radial growth of the edge
of the lamella. The splash threshold velocity corresponding
to these experiments is V=2.19ms−1. The times in 1(a)–
(c) are identical to those corresponding to images 1(e)–(g).
The sketch in Fig. 1(k) illustrates the definition of the main
variables used along the paper.
dicularly to each other.
Figure 1 shows the detailed sequence of events recorded
from the instant T=0 at which the drop first contacts
the solid. These images reveal that, initially, the drop
deforms axisymmetrically, with A(T ) the radius of the
circular wetted area [Figs. 1(a)–(b)] and that an air bub-
ble is entrapped at the center of the drop [3, 18]; how-
ever, the presence of this tiny bubble does not affect the
2splash process. Figure 1(c) illustrates that for T ≥ Te, a
thin sheet of liquid starts to be expelled from the radial
position where the drop contacts the solid, i.e. A(Te),
with Te the ejection time. Of special relevance for the
purposes of this study is to observe the change of trajec-
tory experienced by the edge of the sheet as the impact
velocity increases. Indeed, for the smallest values of V
[Figs. 1(a)–(d)], the lamella spreads tangentially along
the solid but, for a range of larger impact velocities, the
liquid initially dewets the substrate and contacts the sub-
strate again [Figs. 1(i)–(j)]. For even higher values of
V , the front of the lamella dewets the solid [Figs. 1(f)–
(g)] and drops are finally ejected radially outwards [Figs.
1(g)–(h)] in a way similar to the experiments reported in
[19–21]. Therefore, the analysis of the images in Fig. 1
reveals that, for a splash of the type illustrated in Figs.
1(e)–(h) to take place, two conditions need to be fulfilled
simultaneously: the liquid must dewet the solid and the
vertical velocity imparted to the front part of the lamella
needs to be large enough to avoid the liquid to contact
the solid again. To obtain a splash criterion, it is essen-
tial to observe from Figs. 1(i)–(j) and the movies in the
supplementary material section, that the rewetting is a
consequence of the radial growth of the rim thickness, Ht,
caused by capillary retraction. Along the Letter, times,
velocities and pressures are made dimensionless using R,
V , R/V , ρ V 2 as characteristic length, velocity, time and
pressure, with ρ the liquid density and lower-case letters
denoting dimensionless variables; the subscript g will be
used to denote gas quantities. Next, the instant Te at
which the lamella is ejected, as well as its initial height
and velocity, Ht and Vt respectively (see figure 1k), will
be calculated.
Splashing occurs when the values of both the Weber
and Reynolds numbers are such that We=ρ V 2R/σ≫1,
Re=ρ V R/µ≫1, with the dimensionless numbers We
and Re measuring the relative importance of inertial and
surface tension stresses (We) and inertial and viscous
stresses (Re). Consequently, during the characteristic
impact time, R/V , viscous effects are confined to thin
boundary layers of typical width ∼ RRe−1/2≪R [22]
a fact suggesting that the use of potential flow theory
[23, 24], which neglects liquid viscosity, is appropriate to
describe the liquid flow at the scale of the liquid drop.
For the sake of clarity, we report here only the main re-
sults of the analysis, being further details provided in
the Supplementary Material Section, where using Wag-
ner’s theory [23] we deduce that the radius of the wetted
region evolves in time as a(t)=
√
3t [25]. Potential flow
theory also predicts that, as a consequence of the sudden
inertial deceleration of the liquid when it hits the wall,
a flux of momentum is directed tangentially along the
substrate [21], giving rise to the ejection of a fast liquid
sheet, like the one depicted in Figs. 1(c) and 1(f)–(g).
The application of the Euler–Bernoulli equation at the
drop’s interface, where the pressure remains constant, in
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FIG. 2. Experimental radius of the wetted area compared
with a=
√
3 t (solid line) for We=98, Re=3462 (water drop).
The radial position of the ejecta sheet, rt, is also represented
for times t> te, with te the ejection time. The initial velocity
of the ejected sheet coincides with that of the radius of the
wetted area at t=te since both rt(t) and a(t) are tangent
to each other at the ejection time. The inset represents the
ratio χ/
√
3≃1, where χ is the coefficient obtained from the
best fit of a function of the type a=χ
√
t to the experimentally
measured radius a(t), for a large range of Weber numbers and
two different liquids: water (•: µ≃0.9 cP, σ≃67.5mNm−1)
and a silicon oil (•) of viscosity µ=10 cP and surface tension
σ≃19.5mNm−1. The ratio χ/
√
3 ≃ 1 also for the rest of the
fluids investigated.
a frame of reference moving at a velocity a˙ (see figure 1k),
yields that fluid particles are ejected from a(t) at a speed
relative to that of the ground given by va=2a˙=
√
3/t.
Moreover, since the flux of tangential momentum per
unit length is ∝ ρ V 2Ra(t) [21],[26], we thus conclude
that the height ha of the lamella at the intersection with
the spreading drop, i.e. at the radial position r=a(t), is
ρ V 2 R a˙2 ha ∝ ρ V 2Ra ⇒ ha ∝ a/a˙2 ∝ t3/2, with dots
denoting time derivatives [27–29].
Figure 2 shows that the measured radius of the wet-
ted area perfectly matches a=
√
3t for all the different
impact events and fluids considered, a result that fully
validates our potential flow calculation. However, while
our experimental evidence indicates that the ejecta sheet
is only produced for t≥ te, the potential flow approach
predicts the generation of a lamella for t≥0 of vanishingly
small thickness ha∝ t3/2 with fluid velocity diverging as
va∝ t−1/2.
To understand the differences between potential flow
results and observations note first that, in analogy with
the cases of bubbles bursting at a free interface [30] and
Worthington jets [31, 32], the fluid feeding the lamella
comes from a region where shear stresses are negligible,
namely, a very narrow boundary straddling the drop’s
interface (dark shaded region in panel 1k), and not from
the boundary layer growing from the stagnation point
located at the axis of symmetry.
Fast fluid particles entering the liquid sheet are rapidly
decelerated within the lamella due the combined action of
both the viscous shear stresses diffusing from the wall and
capillary pressure. The characteristic thickness δ of the
region affected by viscous stresses at a distance ∼ha≪1
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FIG. 3. (a) Comparison between the experimentally mea-
sured value of the ejection time, and the one calculated solv-
ing equation (1). Each of the solid lines represent the differ-
ent theoretical results for different Ohnesorge numbers. The
values of 1000×Oh, are represented in the legend. The ex-
perimentally determined ejection time is very well approxi-
mated by the solution of equation (1) and clearly follow the
low and high Ohnesorge number limits reflected by equation
(1), te ∝ Re−4/3 Oh−4/3 and te ∝ Re−1/2. (b) The mea-
sured experimental data follow our prediction vt ∝ t−1/2e and
ht ∝ t3/2e . We find that ht ≃ 2.8 ha, with ha =
√
12/π t3/2e
deduced in the supplementary material section
downstream the jet root (see Fig. 1k), which is the region
where the jet meets the drop, is δ/ha∼1 (see Supplemen-
tary Materials Section). The deceleration, provokes the
fluid to accumulate at the edge of the liquid sheet and,
consequently, ht > ha (see Fig. 1k).
To determine te, note from Fig. 2 that, although the
velocities of fluid particles entering the jet are va = 2a˙ >
a˙, both a(t) and rt are tangent to each other at the
instant of ejection, namely, vt = a˙ at t = te. Thus,
since the lamella can only be ejected if its tip advances
faster than the radius of the wetted area, the condition
for sheet ejection is Dv/Dt = −∂ p/∂x + Re−1∇2v ≥a¨
at t=te. Here, Dv/Dt<0 is the dimensionless acceler-
ation of the material points in the sheet given by the
momentum equation, p denotes pressure and x mea-
sures the distance from the jet root. To determine te,
since δ∼ht, ∇2v∼a˙/h2t ∝ t−1/2e /h2t ; moreover, the in-
crement of pressure experienced by fluid particles flow-
ing into the edge of the lamella is the capillary pressure
We−1/ht and thus, ∂p/∂x∼Re−2Oh−2/h2t with ∆x∼ht
and Oh = µ/
√
ρRσ =
√
We/Re the Ohnesorge num-
ber. Therefore, the critical condition for sheet ejection
Dv/Dt = a¨ ∝ t−3/2e is
c1Re
−1 t−1/2e +Re
−2Oh−2 = a¨ h2t = c
2t3/2e , (1)
where we set c1 =
√
3/2 for simplicity and c = 1.1 ac-
counts for the proportionality constant in ht∝ha∝t3/2e .
Figure 3a, illustrates that equation (1) very well approx-
imates the experimental results. Experiments also vali-
date the high–Oh and low–Oh limits of Eq. (1), respec-
tively given by Re−1 t
−1/2
e ∝ t3/2 ⇒ te ∝ Re−1/2 and
Re−2Oh−2 ∝ t3/2e ⇒ te ∝ Re−4/3Oh−4/3. In addition,
Fig. 3b reveals that, vt ∝ t−1/2e and ht ∝ t3/2e , providing
further support to our theory.
Now, following the ideas in [4, 15], we represent in
the inset of Fig. 4(b) the capillary number, Ca∗, de-
fined using the value of Vt at the splash transition. In
Duez et al[4], Ca∗ is constant for the case of wetting sur-
faces and low viscosity liquids because, in their case, the
splash and dewetting transitions coincide. However, since
dewetting is a necessary but not sufficient condition for
drop splashing in our case (see Figs. 1 i–j), we find that
i) Ca∗ varies appreciably with the liquid properties and
ii) Ca∗ is larger than the critical capillary number Ca∗d
above which the liquid dewets the substrate. Indeed, the
type of lubrication equations in [33] representing a static
force balance in the direction tangent to the wall, are in-
tegrated to determine Ca∗d (see the Supplementary Mate-
rial for details) and the result, particularized for µ=5 cP
and illustrated in the inset of Fig. 4(b), reveals that Ca∗
is well above Ca∗d.
Thus, to determine the critical speed of an impact-
ing drop, we note first that splashing occurs as a con-
sequence of the vertical lift force ℓ, imparted by the
gas on the edge of the liquid sheet. The lift force
results from the addition of two contributions: the
lubrication force ∼ KlµgVt and the suction force ∼
KuρgV
2
t Ht. The former is exerted at the wedge formed
between the substrate and the edge of the lamella and
the latter, at the top part of it (see Fig. 4a). In
the Supplementary Material Section we show that Kl≃
−(6/ tan2(α)) [ln (19.2λ/Ht)− ln (1 + 19.2λ/Ht)], with
λ the mean free path of gas molecules, α the wedge angle
which, for the case of partially wetting solids considered
here does not seem to significatively depend on liquid
viscosity[34] and Ku≃0.3. Since the local gas Reynolds
number based on Ht and Vt is ∼ O(10), both the vis-
cous and inertial contributions to the lift force need to
be taken into account (see the Supplementary Material
for details). Therefore, the vertical force balance per unit
length, when applied at the edge of the lamella, reads
ρH2t V˙v ∼ ℓ with Vv the vertical velocity, whose char-
acteristic value at the instant when the liquid front has
raised a distance ∼Ht above the substrate is given by
Vv ∼
√
ℓ/ (ρHt) where ℓ = Klµg Vt +Kuρg V
2
t Ht .
(2)
4For the edge of the sheet not to contact the solid again
(see Fig. 1i-j), Vv needs to be larger than R˙c. Here,
Rc is the rim radius of curvature which, once the liquid
dewets the substrate, grows in time as a consequence of
capillary retraction. Naming Vr the well known Taylor–
Culick velocity given by the momentum balance 2σ =
ρ V 2r Ht,
Vr =
√
2σ/ρHt (3)
and inserting this result into the mass balance
dR2c/dT∼VrHt, one readily obtains that, at the instant
when the liquid separates from the substrate, for which
Rc ≃ Ht/2, R˙c ∼ Vr. Hence, the splash threshold condi-
tion reads β = Vv/Vr ∝ (ℓ/σ)1/2 ∼ O(1), with Vv and Vr
respectively given in Eqs. (2)–(3). Using the expression
for the lift force ℓ in Eq. (2), the splash condition can
thus be expressed as
β =
(
Klµg Vt +Kuρg V
2
t Ht
σ
)1/2
∼ O(1) . (4)
To check the validity of Eq. (4), Eq. (1) is used first
to calculate the ejection time te,crit corresponding to the
values of We, Re, ρ/ρg and µ/µg for which the splash
transition is experimentally observed. Once te,crit is
known, Vt =
√
3/2V t
−1/2
e,crit, Ht = 2.8R
√
12/π t
3/2
e,crit and
β is determined through Eq. (4). Fig. 4(b) demonstrates
that the splash threshold is characterized by a nearly con-
stant value of β, independent of the type of liquid consid-
ered, as predicted by Eq. (4). The open symbols in Fig.
4(c), representing the splash threshold velocities calcu-
lated solving equations (1) and (4) for β ≃ 0.14, are fairly
close to those measured experimentally, a fact further
supporting our theory. Interestingly enough, the inset in
Fig. 4(c) shows that the splash threshold corresponding
to all the experimental data in Xu et al[1], where the
critical speed of drops of different liquids falling within
several gases and different pressures is investigated, is
also characterized by β ≃ 0.14.
Since the lift force ℓ is dominated by the term Klµg Vt
(see the Supplementary Material for details) and Kl is
approximately constant because of its logarithmic depen-
dence on the physical parameters, the splash criterion (4)
at normal atmospheric conditions can be approximated
by (µg V/σ) t
−1/2
e,crit ∝ C, with te,crit the solution of equa-
tion (1) and C a constant. Due to the fact that te,crit ∝
Re−4/3Oh−4/3 (see Fig. 3a) in the low–Oh limit, the pre-
vious approximate criterion results in Ohg Oh
5/3 Re5/3 ≡(
ReOh
8/5
g
)5/3
(µ/µg)
5/3 ∝ C′, where Ohg = µg/
√
ρRσ.
In the high–Oh limit, te,crit ∝ Re−1/2 (see Fig. 3a)
and, in this case, the approximate splash criterion is
Ohg OhRe
5/4 ≡
(
ReOh
8/5
g
)5/4
(µ/µg) ∝ C′′. These
power law expressions are experimentally validated in
the Supplementary Material Section, giving a physical
Kuρg V
2
t Ht
Klµg Vt
−
+
Vt
α
Vt
a
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FIG. 4. (a) The total lift force arises as the addition of the
force in the wedge of angle α and the force at the top part of
the lamella. The plus/minus signs indicate the regions where
the gauge pressure is positive/negative respectively. (b) Val-
ues of the function β calculated through Eq. (4) for the dif-
ferent liquids and drop diameters investigated. Experimental
data from [14] have also been included. The inset represents
the values of Ca∗=(µV/σ)
√
3/2t−1/2e,crit, with te,crit the solution
of equation (1) for the experimental splash threshold veloc-
ity given in Fig. 4(c). (c) The open symbols represent the
splash threshold velocities predicted by the solution of equa-
tions (1) and (4) with β ≃ 0.14. The inset shows that the
splash threshold velocity V corresponding to the experiments
in Xu et al [1] is also characterized by β ≃ 0.14. Our own
data, as well as those in [14] are also included in the inset.
The symbols in black have the same meaning as in Xu et al
[1].
explanation to the well-known correlation by Mundo et
al [5, 14, 15] and to the interesting finding in [35] that
the splash threshold condition cannot be solely charac-
terized in terms of Oh and Re. Let us emphasize that
these power law expressions are simply approximations
to our theory, expressed by equations (1) and (4).
To conclude, we have deduced a criterion expressing
the splash threshold velocity of a drop impacting on a
smooth, dry surface as a function of the liquid density
and viscosity, the millimetric drop radius, the gas density
and viscosity and the nanometric mean free path of gas
molecules.
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6SUPPLEMENTARY MATERIAL
Experiments
Since the liquids with physical properties given in ta-
ble 1 are injected quasi-statically, the radius R of the
drops generated are approximately given by R/Dc ∝
(ℓσ/Dc)
2/3
, with Dc the diameter of the injection tube,
ℓσ = (ρ g/σ)
−1/2 the capillary length, ρ the liquid den-
sity, g the acceleration of gravity and σ the interfacial
tension coefficient. The acquisition rate of the camera
used to describe the overall impact process varied be-
tween 17241 and 29197 frames per second and the reso-
lution in microns of the captured images varied between
16.60 to 31.91 microns/pixel. The high speed camera
used to record the impact details was operated between
105 and 641509 frames per second, providing spatial res-
olutions ranging from 4.23 to 14.00 microns/pixel.
The characteristic thickness δ ∼ √ν t of the region
affected by viscous stresses at a distance ∼ha≪1 down-
stream the jet root (see Fig. 1k), which is the region
where the jet meets the drop, with t ∼ ha/va is
δ
ha
∝ Re−1/2 (ha va)−1/2 ∼ (Re t)−1/2 . (5)
For all our experimental data, δ/ha∼1 (see Fig. 5), and
thus the lamella is decelerated by viscous shear stresses
[10] at a tiny distance ∼ ha from the jet root and also
by the capillary pressure. The deceleration also provokes
the fluid to accumulate at the edge of the liquid sheet
and, consequently, ht > ha (see Fig. 1k). The analysis of
the experimental data depicted in Fig. 5 reveals that the
characteristic boundary layer thickness based on the ex-
perimentally measured values of the velocity and height
of the edge of the lamella, is always close to the thickness
of the lamella.
Determination of a(t)
Due to the fact that Re = ρ V R/µ ≫ 1, the veloc-
ity field sufficiently far from the wall can be expressed
in terms of a velocity potential u=∇φ(r, z, t) which, by
virtue of the continuity equation, ∇ · u=0, verifies the
Laplace equation ∇2φ=0. To satisfy the impermeabil-
ity boundary condition u · k=0 at the circular region of
radius a(t) formed by the intersection of the drop with
the substrate [see Fig. 6], the flow field within the drop
can be expressed as the addition of two velocity fields:
the one associated with the impact velocity (−k) plus
u
′=∇φ′, which verifies the Laplace equation subjected
to the the condition at z=0, k · u′=1 for r≤a(t) and
to the Euler–Bernoulli equation at the drop interface
r > a(t), z=zd(r, t), ∂φ
′/∂ t + u2/2 ≃ 1/2 with zd the
vertical height of the drop interface with respect to the
TABLE I. Physical properties of the different fluids used, drop
radius and the corresponding Ohnesorge numbers.
ρ σ µ R ℓσ Oh× 103
(kg/m3) (mN/m) (cP) (mm) (mm) (-)
(a) N 789 24.0 0.3 1.03 1.76 2.4
(b) • 1000 71.8 0.95 1.96 2.71 2.5
 1000 71.8 0.95 1.74 2.71 2.7
◮ 1000 71.8 0.95 1.63 2.71 2.8
• 1000 67.5 0.9 1.45 2.62 2.9
(c) ⋆ 791 23.5 0.6 1.53 1.74 3.5
⋆ 791 23.5 0.6 1.05 1.74 4.2
(d)  789 22.6 1.0 1.53 1.71 6.1
 789 22.6 1.0 1.04 1.71 7.3
(e) ◭ 854 17.2 1.3 1.34 1.43 9.1
◭ 854 17.2 1.3 0.86 1.43 11.4
(f) H 875 17.8 1.7 1.37 1.44 12.0
H 875 17.8 1.7 0.92 1.44 14.7
(g)  913 18.6 4.6 1.32 1.44 30.5
 913 18.6 4.6 0.89 1.44 37.1
(h) • 1000 19.5 10.0 1.32 1.41 62.2
• 1000 19.5 10.0 0.90 1.41 75.3
(a) Acetone, (b) Water, (c) Methanol, (d) Ethanol, (e)
Decamethyltetrasiloxane, (f) Dodecamethylpentasiloxane,
(g) Poly(Dimethylsiloxane) and (h) 10 cP Silicone Oil.
Oh =
√
We/Re = µ/
√
ρRσ.
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FIG. 5. Experimentally obtained values of the ratio
δ/ht∼5 (Re te)−1/2 for some of the fluids used in this study.
The prefactor of 5 used in the estimation of δ is motivated by
the factor in the thickness of boundary layers growing with
zero pressure gradient[22]. The values in the legend represent
1000×Oh.
wall. In the previous expression, we have taken into ac-
count the fact that, since We ≫ 1, the contribution of
the capillary pressure σ/R has been neglected with re-
spect to ρ V 2. Now note that the boundary condition
at the free interface can be further simplified due to the
fact that, during the initial instants, the radius of the
wetted area verifies the condition a(t ≪ 1) ≪ 1 and
7thus, since at t=0, zd=r
2/2, the position of the free in-
terface can be approximated for t ≪ 1 as zd ≃ 0 with
errors ∼ O(a2) ∼ O(t). Moreover, for t ≪ 1, the Euler–
Bernoulli equation simplifies to ∂φ′/∂ t ≃ 0 since the lo-
cal acceleration term dominates over the convective one
[21, 24], implying that the Euler–Bernoulli equation at
the free interface, which is approximately located at z=0,
simplifies to φ′=0 with errors of the order of O(t) ≪ 1
due to the fact that, at t = 0, φ′ = 0 at the free in-
terface. Consequently, the analytical solution of ∇2φ′=0
subjected to the boundary conditions at z=0, k · u′=1
for r ≤ a(t), φ′=0 for r > a(t) and to ∇φ′=0 for z → ∞
leads to the following expression for the normal velocity
at z=0 and r > a(t) (see [36]):
k · u = −1− 2
π
[
a√
r2 − a2 − arcsin
(a
r
)]
. (6)
Now, the equation that determines a(t) is deduced by
means of the so-called Wagner condition [23, 24], which
is nothing but the time integral of the kinematic bound-
ary condition obtained using the velocity field given by
equation (6), namely,
R
2
(
A
R
)2
− V T − 2V
π
[∫ T
0
κ(τ)dτ√
A(T )2 − κ(τ)2
−
∫ T
0
arcsin
(
κ(τ)
A(T )
)
dτ
]
= 0 ,
(7)
with κ(τ) the radius of the wetted area for times τ < t.
Equation (7) simply establishes that the wetted radius
A(T ) is fixed by the instant of time at which a point
on the drop interface with initial coordinates R=A(T ),
Zd=R (A(T )/R)
2/2 reaches Z=0. The dimensionless
version of (7) then reads,
a2 − 2t− 4
π
∫ a
0
[
κ√
a2 − κ2 − arcsin
(κ
a
)] dτ
dκ
dκ = 0 ,
(8)
where dτ=(dτ/dκ) dκ. The integral equation (8), which
expresses t as a function of a, can be solved by
noticing that equation (8) possesses a solution of the
type dt/da=C a. Performing the change of variables
κ/a=sinλ, equation (8) then reads
a2−2t− 4
π
C a2
∫ pi/2
0
(
sin2 λ− λ sin λ cosλ ) dλ = 0 (9)
and, thus, t=a2 (1− C/2) /2; therefore, since we assumed
that dt/da=C a, we conclude that C=2/3 and, conse-
quently, a=
√
3 t.
Sheet ejection
The jet ejection process depicted in Fig. 1(c) of the
main text, which takes place from t=te on from the
r
n
Ur
Ur
Σc
n
k
Σd
θo
Rc
θ
A(t)
Ha
Σs
A˙
FIG. 6. Definition of the control volume used to determine
the thickness Ha of the ejected sheet, which is defined in a
frame of reference moving at the velocity A˙.
perimeter of the wetted area, namely r=a(te)=
√
3te, will
be analyzed in a frame of reference moving at a velocity
da/dt. In this frame of reference, the velocity field Ur at
the surface Σc sketched in Fig. 6 is given by
Ur = −W r−1/2 (sin (θ/2)er + cos (θ/2)eθ)−A˙ex (10)
where r is now used to indicate the distance from r=a and
the expression for W=
√
2aV/π is obtained taking the
limit r≪a once the variable r in equation (6) is replaced
by r + a.
It will be shown below that the flow in the control
surface Σ sketched in Fig. 6, composed by the arc of a
circle with radius rc namely, Σc, the drop surface Σd as
well as by the exit surface Σs, is quasi steady. Thus, ne-
glecting capillarity and viscosity and applying the steady
Euler–Bernoulli equation, P + ρU2r /2=ρ A˙
2/2 along the
constant pressure streamline Σd with P the liquid pres-
sure, yields that the liquid velocity at the exit surface
Σs in Fig. 6 is uniform and equal to A˙ ex in the mov-
ing frame of reference. Indeed, by virtue of equation
(10), the modulus of the liquid velocity on Σd can be
approximated by A˙ in the limit rc ≫ a3 ∝ t3/2 and, in
addition, due to the fact that the streamlines are parallel
in the liquid sheet, the pressure drop across the lamella
can be neglected. Now note that the integral balances
of mass and momentum applied to the control surface
Σ=Σc
⋃
Σd
⋃
Σs sketched in Fig. 6, provide a couple of
equations to express ha as a function of a. Indeed, using
the expression for the relative velocity given in equation
(10), the mass balance yields
A˙Ha =
∫ pi
θ0
(
Wr−1/2c sin (θ/2) + A˙ cos θ
)
Rc dθ , (11)
which, in dimensionless form, reads
a˙ ha = 2w r
1/2
c − a˙ rc θ0 , (12)
with θ0 ≪ 1 due to the fact that the drop interface is
nearly tangent to the impacting wall [see Fig. 6]. Us-
ing the expression for the relative velocity given in equa-
tion (10), as well as the steady Euler–Bernoulli equation
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FIG. 7. Solution of equation (22) for a value of the curvature
at the tip of the lamella dγ/d s=-100 and the corresponding
critical capillary numbers. In the case of the liquid of viscosity
µ=10 cP, Ca∗d=0.55, and in the case of the liquid with µ=1 cP,
Ca∗d=0.35.
P + ρU2r /2=ρ A˙
2/2 to calculate pressure on Σc, the mo-
mentum balance equation∫ pi
θ0
ρ ex·Ur(Ur·n)Rc dθ+ρA˙2Ha =
∫ pi
θ0
Pex·(−n) Rc dθ ,
(13)
with ex a unit vector tangent to the wall yields,
−w
2
2
π + 2wa˙ r1/2c − a˙2 rc θ0 + a˙2 ha = 0 . (14)
Substituting the result in equation (12) into equation (14)
leads to the expression for the jet thickness,
ha =
π w2
4 a˙2
=
a
2πa˙2
. (15)
Note that, in the deduction above, we have assumed that
the flow is quasi steady, and this holds for values of Rc
such that
d
dT
∫
Ωc
ρUr dω ≪
∫
Σc
ρUr(Ur · n)dσ . (16)
Since
d
dT
∫
Ωc
ρUr dω ∼ ρ V 2R a¨ r2c and∫
Σc
ρUr(Ur · n)dσ ∼ ρW 2R ∼ ρ V 2 Ra ,
(17)
the radius rc thus needs to satisfy the relationship
r2c ≪
a
a¨
→ rc ≪ t . (18)
But rc has also to satisfy the relationship rc ≫ ha ∼ t3/2,
so it suffices to take rc ∼ t5/4.
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FIG. 8. Solid points represent the critical capillary num-
ber calculated from the numerical solution of equation (22)
for different values of [dγ/ds(γ = π/2)]−1 and µ=5 cP.
The solid curve represents parametrical representation of
(µV/σ)
√
3/2 t−1/2e vs ht/2 ≃ 1.5 ha=
√
12/(2π) t3/2e (see Fig.
3b of the main text) and the crossing between both functions
determine the theoretical capillary number for which the liq-
uid dewets the solid.
Dewetting
Figures 1(e)–(g) in the main text illustrates that the
lamella needs to separate from the solid substrate before
breaking into drops under the action of capillary forces
[15]. The dewetting process in our experiments can be
qualitatively described using the theory in [33], which
expresses a visco–capillary force balance projected in the
direction tangent to the wall. Note that the tangential
force balance in [33] is different from the vertical force
balance in the main text.
The equations in [33] permit to determine, in an ap-
proximate manner, the critical velocity at which air is
entrained when a solid is plunged into a viscous liquid.
In this case, the condition for the liquid sheet to detach
from the solid substrate is the one determining the air
entrainment in an advancing contact line,
µVt
σ
> Ca∗d (q µg/µ, γ0, Ht/ℓg,l) , (19)
with γ0 the static contact angle and ℓg,l the slip lengths
in the solid–gas or solid–liquid interfaces, which are pro-
portional to the mean free path in the case of the gas
and, in the case of the liquid, ℓl/ℓσ ∼ 10−5 [33]. In (19),
note also that
q =
H
H + 3ℓg
, (20)
with H the vertical distance of the free surface to the
solid substrate, which is geometrically related to the an-
gle formed by the free interface with the horizontal sub-
9TABLE II. Physical properties of the different gases.
λ0 µg ρg0
(×10−9 m) (×105 Pa·s) (kgm−3)
Helium 180 1.98 0.16
Air 65 1.85 1.18
Krypton 55 2.51 3.42
SF6 39 1.53 6.04
The tabulated values correspond to Tg0 = 298.15 K,
pg0 = 105 Pa. Therefore, for different values of the gas
temperature Tg and pressure pg, λ = λ0 (Tg/Tg0) (pg0/pg)
and ρg = ρg0 (Tg0/Tg) (pg/pg0).
strate, γ, as
dh
ds
= sin γ . (21)
The equation for γ(s), with s the arclength, is given by
the viscocapillary balance projected in the direction tan-
gent to the wall [33]
d2γ
d s2
=
3Ca
H (H + 3ℓl)
f(γ, q
µg
µ
) + cos(γ)
Bot
h2
0
, (22)
with the function f in (22) given in [33],
Bot=ρ |dVt/dt|H20/σ and H0 ≃ Ht/2 the distance
of the tip of the lamella to the wall. The term involving
the Bond number is included due to the fact that the flow
is described in an accelerated frame of reference, namely,
that moving at the velocity of the tip of the lamella
with respect to the wall. Since the tip is decelerated
by surface tension and ρ |dVt/dt|H0 ∼ σ/H0, we have
limited our computations to Bot=1.
The main difference between our calculations and those
in [33] are the boundary conditions that need to be sat-
isfied by equation (22). Indeed, in our case, equation
(22) has been solved fixing Ca and shooting from a po-
sition at the interface with γ=π/2, dγ/ds=−2/ht and
varying the height h0(γ = π/2) until γ=γ0 at the wall,
with the static contact angle fixed to γ0=π/6 in all the
calculations presented in this section. The value of the
capillary number is increased until the system (19)–(22)
fails to converge to the fixed value of γ0, a condition
that determines the value of the critical capillary num-
ber Ca∗d. Figure 7 depicts the computed local shapes of
the tip of the lamella at the corresponding critical cap-
illary numbers for the same value of the initial curva-
ture, |dγ/d s|=100 and two liquid viscosities, µ=10 cP
and µ=1 cP, showing that the angle of the wedge formed
between the edge of the lamella and the solid substrate
varies only slightly with the viscosity ratio. Figure 8
illustrates the critical capillary number calculated solv-
ing equation (22) for µ=5 cP and different values of the
interfacial curvature dγ/ds(γ = π/2). Figure 8 also
shows that the critical capillary number increases with
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FIG. 9. (a) Figure sketching the top part of the advancing
lamella. (b) Values of the local Reynolds number for the
experimental data considered in this study.
dγ/ds(γ = π/2). To determine the approximate experi-
mental value of Ca∗d for the case of silicon oil drops with
µ=4.6 cP, the values of (µV/σ)
√
3/2t
−1/2
e (Re,We) vs
ht/2, with ht=3 ha=
√
12/π t
3/2
e (Re,We) and te given by
equation (3) of the main text are represented in the same
Fig. 8. The crossing between the two curves fixes the
critical capillary number Ca∗d≃0.42, which is far smaller
than the critical capillary number at which splash is ex-
perimentally observed (see the inset in Fig. 4(a) of the
main text). These results reinforce our starting hypoth-
esis that the liquid dewets the substrate for values of the
capillary number smaller than those for which the splash
transition is experimentally observed.
Determination of Ku and Kl
The lift forces exerted by the relative gas flow in the
regions sketched in Figs. 9–10, will be calculated next.
The force in the quarter of a circle marked in red in Fig.
9 has been computed numerically, using the comercial
code Fluent, for several values of the gas Reynolds num-
ber Relocal = ρgVtRc/µg, with Rc ≃ Ht the radius of
curvature of the front part of the advancing lamella. The
result, depicted in Fig. (9)b, reveals that Ku ≃ 0.3 for
the range of local Reynolds numbers relevant to drop
splashing, namely, 3 < Relocal < 10
2.
To calculate the lift force in the region located between
the lamella and the substrate, the shape of the advancing
10
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Vt + Ug
Ug = ℓg
∂Ug
∂Y
S
Y
H0
FIG. 10. Figure sketching the flow in the lubricating air layer
located between the substrate and the lamella.
front is approximated to that of a wedge of angle α such
that tan(α) = H0/L, with H0 ∝ Ht (see Fig. 10). Under
the lubrication approximation, the general form of the
velocity field,
Ug(Y, S) = U0(S) + U1(S)Y +
Y 2
2µg
∂ Pg
∂ S
, (23)
needs to satisfy the boundary conditions at Y=0 and
Y=H(S)=H0 (1− S/L),
Y = 0 , Ug = ℓg
∂Ug
∂ Y
and
Y = H(S) , Ug = −Vt − ℓµ ∂Ug
∂ Y
.
(24)
with ℓg ≃ 1.2λ the slip length of the gas[37], λ =
kB Tg/(
√
2πd2 pg) the mean free path between gas
molecules, kB Boltzmann constant, Tg and pg the gas
temperature and pressure respectively, d the effective di-
ameter of gas molecules (see Table II) and ℓµ arising from
the continuity of shear stresses at the interface, which de-
mands that, at Y=H(S),
µg
∂Ug
∂Y
≃ µ∂V
∂Y
→ Vs ∼ µg
µ
Ht
∂Ug
∂Y
. (25)
In (25), it has been assumed that ∂V/∂Y ∼ Vs/Ht, with
Vs the liquid velocity at the interface in a frame of refer-
ence moving at Vt and, thus, ℓµ ∼ Ht µg/µ. Therefore,
the gas velocity field that satisfies the boundary condi-
tions given in (24) expressed in a frame of reference mov-
ing at Vt is
Ug = −Vt Y − ℓµ −H
H + ℓg + ℓµ
−
−
(
H
µg
)
Y + ℓg
H + ℓg + ℓµ
(
ℓµ +
H
2
)
∂ Pg
∂ S
+
Y 2
2µg
∂ Pg
∂ S
.
(26)
The pressure gradient ∂ Pg/∂ S can be deduced imposing
that the net flow rate per unit length is zero in the moving
frame of reference, namely,
q =
∫ H
0
Ug(S, Y ) dY = 0 , (27)
with Ug given by equation (26) from which we obtain
dπ¯g
d s¯
=
h¯+ 2 ℓ¯µ
h¯
(
h¯2 + 4 h¯(ℓ¯µ + ℓ¯g) + 12 ℓ¯gℓ¯µ
) , (28)
where
Pg =
6Vt µg
tan2(α)
π¯g , S = L s¯ , H = H0 h¯
ℓµ = H0ℓ¯µ and ℓg = H0 ℓ¯g .
(29)
Thus, the vertical force per unit length exerted by
the pressure distribution obtained from the integration
of equation (28), is approximately given by
Fv =
6µg Vt
tan2(α)
∫ 1
0
π¯g ds¯ =
µg Vt
tan2(α)
Kl , (30)
where
Kl = −
(
6/ tan2(α)
)×
× (C2 [a ln(1 + a)− a ln a] + C3 [b ln(1 + b)− b ln b]) ,
(31)
with
a =
(
ℓ¯g + ℓ¯µ
)
+ 2
√(
ℓ¯g − ℓ¯µ
)2
+ ℓ¯g ℓ¯µ
b =
(
ℓ¯g + ℓ¯µ
)− 2√(ℓ¯g − ℓ¯µ)2 + ℓ¯g ℓ¯µ ,
(32)
and
C1 =
2 ℓ¯µ
a b
, C2 =
1− C1
b− a , C3 = − (C1 + C2) . (33)
To simplify the expression for Kl, we set ℓ¯µ = 0 in equa-
tion (28), yielding, for H0 = Ht/4
Kl = −(6/ tan2(α)) (ln [16ℓg/Ht]− ln [1 + 16ℓg/Ht]) .
(34)
The theoretical results presented in Fig. 4 of the main
text have been obtained using equation (34) with α =
60o, independent on the type of fluid considered (as
suggested by the results in Fig. 7) and for a value of
Ku = 0.3 (see figure 9). The angle α should be depen-
dent on the wetting properties of the solid but, in the
case of our experiments, all the liquids partially wet the
substrate with a similar contact angle ∼ 20o.
To conclude, note that corrections to the mean free
path as a consequence of the modification of both pres-
sure and temperature along the coordinate s¯ could have
also been included in the formulation[37], but in order
to deduce an analytic expression for Kl and since the
improvement in the results should not be significative,
we only report here the result corresponding to ℓg
independent on s¯.
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FIG. 11. (a) Comparison in the Oh–Re plane between the
experimental critical velocity and that calculated (in red)
using Eqs. (1) and (4) in the main text. The correlations
57.7Re−1.25 by Mundo et al. [5] and 3.39Re−0.75 by Palacios
et al. [14] are also represented. (b) Values of β calculated
through Eqs. (1) and (4) in the main text using the exper-
imental data by Stevens [38]. Observe that β ≃ 0.14 for all
the experimental data.
Comparison of experimental data with existing
correlations and with the theory in the main text
Figure 11a compares, in the Re–Oh plane, the splash
threshold predicted by the correlations in [5] and [14]
with our own data and also with the experiments in [14]
and in [38] for air at normal conditions. It is clearly
observed that each of the correlations follow, in a dif-
ferent range of Oh, the experiments. Our theory, in
red, predicts the experimental observations and repro-
duce both correlations in the whole range of Oh inves-
tigated. Our calculation is the result of solving equa-
tions (1) and (4) in the main text for air properties at
normal atmospheric conditions using the material prop-
erties of ethanol. Also note from figure 11b that the
splash threshold corresponding to the experimental data
in Stevens[38], where the critical speed of drops of differ-
ent liquids falling within several gases and different pres-
sures is investigated, is also characterized by β ≃ 0.14.
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vs Oh.
As pointed out in the main text, due to the fact that
splashing is triggered by the relative motion between the
liquid and the outer gaseous atmosphere, the splash cri-
terion cannot be expressed as OhReκ = K, with κ an
arbitrary exponent and K a constant, since this would
imply that the critical velocity depends only on the liq-
uid properties and R. With the purpose of expressing
our splash criterion in a more compact, albeit only ap-
proximate form, Fig. 12 shows that the contribution to
the lift force associated to the gas flow in the wedge is
larger than the force imparted by the gas on the top part
of edge of the liquid sheet, with the only exception of
water (the liquid with the largest value of σ considered
in this study and the one with the largest critical speed).
A plausible approximation in view of Fig. 12 would be
to express the total lift as ℓ ∝ Kl µg Vt which, using the
low–Oh and high–Oh limits for the ejection time deduced
from Eq. (1) in the main text, and taking into account
the logarithmic dependence of Kl, yields the following
approximate splash criteria:
High Oh : µ/µg ∝
(
ReOh8/5g
)
−5/4
Low Oh : µ/µg ∝
(
ReOh8/5g
)
−1
,
(35)
with Ohg = µg/
√
ρRσ.
The agreement between the experimental data and the
predictions in equation (35) is reasonably good, with
the exponent affecting the modified Reynolds number
ReOh
8/5
g in the high–Oh limit, identical to that in the
correlation by [5]. This means that if the experimental
data was such that
√
ρRσ ∼ constant, our result would
reproduce the scaling in [5]. However, it needs to be
pointed out that the contribution to the total lift force
associated to the suction at the top part of the lamella
12
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FIG. 13. Comparison of the experimental splash threshold
with the approximate expressions deduced in the main text
and also reproduced in equation (35).
cannot be neglected. Indeed, as it is shown in figure
7(a) as well as in the main text, the agreement between
theory and experiments is even better than the one de-
picted in figure (13) when the full expression for the lift
force given by Eq. (2) in the main text is used instead of
ℓ ∝ Kl µg Vt.
13
[1] L. Xu, W. Zhang, and S. R. Nagel, Phys. Rev. Lett. 94,
184505 (2005).
[2] V. Bergeron, D. Bonn, J. Martin, and L. Vovelle, Nature
405, 772 (2000).
[3] W. Bouwhuis, R. van der Veen, T. Tran, D. Keij,
K. Winkels, I. Peters, D. van der Meer, C. Sun, J. Snoei-
jer, and D. Lohse, Phys. Rev. Lett. 109, 264501 (2012).
[4] C. Duez, C. Ybert, C. Clanet, and L. Bocquet, Nat.
Phys. 3, 180 (2007).
[5] C. Mundo, M. Sommerfeld, and C. Tropea, Int. J. Mul-
tiphase Flow 21, 151 (1995).
[6] S. Mandre, M. Mani, and M. Brenner, Phys. Rev. Lett.
102, 134502 (2009).
[7] L. Duchemin and C. Josserand, Phys. Fluids 23, 091701
(2011).
[8] A. Latka, A. Strandburg-Peshkin, M. Driscoll,
C. Stevens, and S. Nagel, Phys. Rev. Lett. 109,
054501 (2012).
[9] J. M. Kolinski, S. M. Rubinstein, S. Mandre, M. P. Bren-
ner, D. A. Weitz, and L. Mahadevan, Phys. Rev. Lett.
108, 074503 (2012).
[10] C. Josserand and S. Zaleski, Phys. Fluids 15, 1650
(2003).
[11] J. Bird, S. Tsai, and H. Stone, New J. Phys. 11, 063017
(2009).
[12] R. Rioboo, M. Marengo, and C. Tropea, Exp. Fluids 33,
112 (2002).
[13] A. Yarin, Ann. Rev. Fluid Mech. 38, 159 (2006).
[14] J. Palacios, J. Hernandez, P. Gomez, C. Zanzi, and
J. Lopez, Exp. Therm. Fluid Sci. 44, 571 (2013).
[15] M. Rein and J.-P. Delplanque, Acta Mech. 201, 105
(2008).
[16] J. Snoeijer and B. Andreotti, Ann. Rev. Fluid Mech. 45,
269 (2013).
[17] S. Thoroddsen, M.-J. Thoraval, K. Takehara, and
E. Etoh, Phys. Rev. Lett. 106, 034501 (2011).
[18] S. Thoroddsen, T. Etoh, T. K., N. Ootsuka, and Y. Hat-
suki, J. Fluid Mech. 545, 203Ű212 (2005).
[19] S. Thoroddsen, J. Fluid Mech. 451, 373 (2002).
[20] E. Villermaux and B. Bossa, J. Fluid Mech. 668, 412
(2011).
[21] I. Peters, D. van der Meer, and J. Gordillo, J. Fluid
Mech. 724, 553 (2013).
[22] H. Schlichting, Boundary-Layer Theory (Mac Graw Hill,
Seventh Edition, 1987).
[23] H. Wagner, Z. Angew. Math. Mech. 12, 193 (1932).
[24] A. Korobkin and V. V. Pukhnachov, Ann. Rev. Fluid
Mech. 20, 159 (1988).
[25] A. Mongruel, V. Daru, F. Feuillebois, and S. Tabakova,
Phys. Fluids 21, 032101 (2009).
[26] In [21] it is shown that the ejected flux per unit length of
tangential momentum is proportional to ρV 2Rs, with Rs
the radius of the impacting region. In the present case,
s = a(t).
[27] S. Howison, J. Ockendon, and S. Wilson, J. Fluid Mech.
222, 215 (1991).
[28] J. Oliver, Water Entry and Related Problems (Thesis,
Oxford Univ., 2002).
[29] Y. Scolan and A. Korobkin, J. Fluid Struct. 17, 275
(2003).
[30] F. MacIntyre, J. Geophys. Res. 77, 5211 (1972).
[31] S. Gekle, J. Gordillo, D. van der Meer, and D. Lohse,
Phys. Rev. Lett. 102, 034502 (2009).
[32] S. Gekle and J. Gordillo, J. Fluid Mech. 663, 293 (2010).
[33] A. Marchand, T. Chan, J. Snoeijer, and B. Andreotti,
Phys. Rev. Lett. 108, 204501 (2012).
[34] The value of α should be dependent on the wetting prop-
erties of the substrate but, in the case of our experiments,
all the liquids partially wet the substrate with a similar
contact angle ∼ 20o.
[35] L. V. Zhang, J. Toole, K. Fezzaa, and R. Deegan, J.
Fluid Mech. 703, 402 (2012).
[36] H. Lamb, Hydrodynamics (Cambridge University Press,
Cambridge, 1932).
[37] J. Maurer, P. Tabeling, P. Joseph, and H. Willaime,
Phys. Fluids 15, 2613 (2003).
[38] C. Stevens, arXiv:1403.3145 (2014).
